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ON K(1)-LOCAL TR
AKHIL MATHEW
Abstract. We discuss some general properties of TR and its K(1)-localization. We prove that
after K(1)-localization, TR of HZ-algebras is a truncating invariant in the sense of Land–Tamme,
and deduce h-descent results. We show that for regular rings in mixed characteristic, TR is
asymptotically K(1)-local, extending results of Hesselholt–Madsen. As an application of these
methods and recent advances in the theory of cyclotomic spectra, we prove a type of pro-Galois
descent in TR.
1. Introduction
The topological cyclic homology, TC(R), of a ring (or ring spectrum) R is a basic invariant in-
troduced by Bökstedt–Hsiang–Madsen [BHM93] (see also Dundas–Goodwillie–McCarthy [DGM13]
and Nikolaus–Scholze [NS18]) with many applications in algebraic K-theory. Its p-adic completion
TC(R;Zp) arises as the fixed points of an operator called Frobenius on another invariant TR(R;Zp),
which plays a central role in the approach to TC via equivariant stable homotopy theory. The con-
struction TR(−;Zp) is often of arithmetic significance; for instance, the foundational calculations
[HM03, HM04, GH06] of the p-adic K-theory of local fields F are based on the relationship between
TR(OF ;Zp) and the de Rham–Witt complex with log poles of OF .
In this note, we prove some structural results about TR and how it relates to itsK(1)-localization,
throughout at an implicit prime number p. We will only consider p-typical TR and after p-adic
completion. The operation of K(1)-localization when applied to algebraic K-theory is dramatically
simplifying, as shown by Thomason [Tho85, TT90]; in particular,K(1)-localK-theory satisfies étale
descent and étale hyperdescent under mild hypotheses, cf. [CM19] for a modern account. Here we
study analogs of some of these properties for LK(1)TR(−). Our starting point is the following.
Theorem 1.1. As a functor on connective HZ-algebras, LK(1)TR(−) is a truncating invariant
in the sense of Land–Tamme [LT19]. In other words, if R is a connective HZ-algebra, then
LK(1)TR(R)
∼
−→ LK(1)TR(π0R).
Theorem 1.1 refines results of [LMT20, BCM20]. In loc. cit., it is shown that LK(1)K(−) and
(equivalently) LK(1)TC(−) are truncating invariants of connective HZ-algebras, which ultimately
follows from the claim
(1) LK(1)K(Z/pn) = 0, n ≥ 1,
and more generally (and consequently) for any HZ-algebra R,
(2) LK(1)K(R)
∼
−→ LK(1)K(R[1/p]).
In [BCM20], (1) is proved via a calculation in prismatic cohomology; in [LMT20], (1) is proved
using some unstable chromatic homotopy theory. Our proof of Theorem 1.1 (which also gives a new
Date: May 19, 2020.
1
2 AKHIL MATHEW
proof of (1)) is based on a direct TC-theoretic argument via estimation of exponents of nilpotence
of the Bott element; in fact, it yields a slightly stronger result (Theorem 3.1 below).
The property of being truncating yields many pleasant features of the construction LK(1)TR(−):
by [LT19], one obtains cdh-descent and excision. Since we are workingK(1)-locally, we can combine
this with results of [CMNN20] to obtain h-descent:
Theorem 1.2. Any K(1)-local localizing invariant which is truncating, such as LK(1)TR(−), sat-
isfies h-descent on qcqs schemes.
In particular, LK(1)TR(−) satisfies étale descent. This is not so surprising, since TR(−;Zp) itself
(like all Hochschild-theoretic invariants) actually satisfies flat descent, cf. [BMS19, Sec. 3]. However,
Theorem 1.2 (together with (1)) leads to étale descent in the generic fiber. Since TR(R;Zp) of a
ring R depends only on the (derived) p-adic completion of R, we can informally view LK(1)TR(R)
as an invariant of the “rigid space” associated to R[1/p].
Example 1.3 (Galois descent in the generic fiber). Let R → S be a finite, finitely presented map
of rings. Suppose we have a finite group G acting on S such that R[1/p] → S[1/p] is G-Galois.
Then for any K(1)-local localizing invariant E which is truncating, we have E(R) ∼−→ E(S)hG.
Recall that the Lichtenbaum–Quillen conjecture, refined by the Beilinson–Lichtenbaum conjec-
ture proved by Voevodsky–Rost (cf. [HW19] for an account), predicts that for Z[1/p]-algebras A
satisfying mild finiteness conditions, the p-adic K-theory K(A;Zp) is “asymptotically K(1)-local:”
that is, the map K(A;Zp) → LK(1)K(A;Zp) is an equivalence in high enough degrees. We next
discuss analogs of such statements for TR(R;Zp) for p-adic rings R. Indeed, in [HM03, HM04], it
is shown that if R is smooth of relative dimension d over a discrete valuation ring OK of mixed
characteristic with perfect residue field of characteristic p > 2, then TR(R;Fp)→ LK(1)TR(R;Fp)
is d-truncated; more precisely, this is a consequence of the relationship shown in loc. cit. with the
absolute de Rham–Witt complex. We prove this asymptotic K(1)-locality more generally for regu-
lar rings satisfying F -finiteness hypotheses from the Beilinson–Lichtenbaum conjecture applied to
the generic fiber as well as the connection between TR and p-typical curves [Hes96]. We expect
that there should be a purely p-adic proof of this result (as in [HM03, HM04] in the smooth case).
Theorem 1.4. Let R be a p-torsionfree excellent regular noetherian ring. Suppose that R/p is
finitely generated as a module over its subring of pth powers. Suppose furthermore that for all
p ∈ Spec(R) containing (p), we have dimRp+ logp[κ(p) : κ(p)
p] ≤ d for some d ≥ 0. Then the map
TR(R;Fp)→ LK(1)TR(R;Fp) is (d− 1)-truncated.
Using the theory of topological Cartier modules of Antieau–Nikolaus [AN18], we relate the prop-
erty of TR(R;Fp) being “asymptotically K(1)-local” to the extensively studied Segal conjecture
for THH(R), i.e., the condition that the cyclotomic Frobenius ϕ : THH(R;Fp) → THH(R;Fp)tCp
should be an equivalence in high degrees. In particular, we obtain a version of the Segal conjecture
for THH(R) when R is regular. We expect that there should be a filtered version of this statement,
using the motivic filtrations of Bhatt–Morrow–Scholze [BMS19].
Corollary 1.5. Let R be as in Theorem 1.4. Then the cyclotomic Frobenius ϕ : THH(R;Fp) →
THH(R;Fp)
tCp is (d− 1)-truncated.
Finally, using both the above h-descent and asymptotic K(1)-locality results, we study the
question of “pro-Galois descent” in TR; this is somewhat analogous to the issues of étale descent
versus hyperdescent for LK(1)K(−), cf. [CM19] for a detailed account, and hyperdescent is what
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gives rise to Thomason’s spectral sequence for LK(1)K(−) and makes it tractable. We specialize
here to the basic example where K is a complete discretely valued field of characteristic zero with
perfect residue field of characteristic p. For every extension L/K, we let OL ⊂ L denote the ring
of integers; more generally we use this notation for any ind-étale K-algebra. If L/K is G-Galois,
Example 1.3 and Theorem 1.4 imply that TR(OK ;Fp) → TR(OL;Fp)hG is a 0-truncated map.
However, this does not help with passage to K since TR does not commute with filtered colimits;
note that TR has a simple form for OK , cf. [Hes06]. Using again the theory of topological Cartier
modules as a “decompletion” of the theory of cyclotomic spectra, cf. [AN18], we prove the following
pro-Galois result (cf. Example 6.5):
Theorem 1.6. Let K be a complete, discretely valued field of characteristic zero with perfect residue
field k of odd characteristic p. Let TR(OK |K) denote the cofiber of the transfer map TR(k) →
TR(OK). Then the natural map induces an equivalence
TR(OK |K;Fp)→ τ≥0Tot
(
TR(OK ;Fp)⇒ TR(OK⊗KK ;Fp)
→
→
→
. . .
)
.
The idea that TR should satisfy this type of pro-Galois descent in the generic fiber is expressed
in [Hes02]; in particular Conjecture 5.1 of loc. cit. predicts a related (but stronger) conclusion at
the level of homotopy groups (in particular, the vanishing of higher Galois cohomology groups in
the associated descent spectral sequence with Qp/Zp coefficients).
Conventions. We use the theory of cyclotomic spectra in the form developed in [NS18], as well as
the theory of topological Cartier modules developed in [AN18]; we write CycSp for the ∞-category
of cyclotomic spectra. Given an E∞-ring B, a homogeneous element x ∈ π∗(B), and a B-module
M , we often write M/x for the cofiber of multiplication by x on M . In the case x = p, we will
often write this by ;Fp, e.g., THH(B;Fp) refers to the cofiber of p on THH(B). A B-algebra always
refers, unless otherwise specified, to an E1-algebra in B-modules.
Acknowledgments. I would like to thank Benjamin Antieau, Lars Hesselholt, Matthew Morrow,
Thomas Nikolaus, Wiesława Nizioł, and Peter Scholze for many helpful conversations related to the
subject of this paper. I would especially like to thank Bhargav Bhatt and Dustin Clausen for their
collaboration in [BCM20] and many helpful discussions. Finally, I would like to thank Benjamin
Antieau, Lennart Meier, and Georg Tamme for several comments and corrections on a draft. This
work was done while the author was a Clay Research Fellow.
2. Generalities on K(1)-local truncating invariants
Let B be a base connective E∞-ring. In this section, we work with localizing invariants on
small B-linear idempotent-complete stable ∞-categories. Unlike in [BGT13], we do not assume
compatibility with filtered colimits, so for us a localizing invariant is simply a functor from (small,
idempotent-complete) B-linear stable ∞-categories to spectra which carries Verdier quotient se-
quences to cofiber sequences. Following [LT19], we say that such a localizing invariant E is trun-
cating if for every connective B-algebra A, we have E(A) ∼−→ E(Hπ0A). This implies [LT19, Th. B]
that E satisfies excision.
Example 2.1. The constructions LK(1)K(−), LK(1)TC(−) are truncating on connective HZ-
algebras, as verified in [LMT20]. For commutative p-complete rings, the two invariants actually
agree (we do not know if this is true for noncommutative p-complete rings, cf. [BCM20, Question
2.20]). Below we will show that LK(1)TR(−) is truncating.
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In the rest of the section, we will assume for simplicity of notation that B is discrete; by the
assumption of truncatedness, this does not affect any of the results.
Proposition 2.2. Let E be a K(1)-local localizing invariant of B-linear ∞-categories which is
truncating. Then, on the category of discrete B-algebras:
(1) E is nilinvariant.
(2) E annihilates any B-algebra C which is annihilated by a power of p.
(3) Let A → A′ be a map of B-algebras which is a p-isogeny. Then E(A) → E(A′) is an
equivalence.
Proof. For (1), the fact that E is nilinvariant follows from [LT19, Th. B]. For (2), since E is
nilinvariant, we may assume C is an Fp-algebra, so that E(C) is a K(Fp;Zp) = HZp-module (the
last identification by [Qui72]); since E is K(1)-local we get E(C) = 0.
For (3), the kernel of A → A′ is annihilated by a power of p, so by (2) (and excision) we can
assume that A ⊂ A′. Let n≫ 0, so pnA′ ⊂ A. Then the diagram
A

// A′

A/(pnA′ ∩ A) // A′/pnA′
is a Milnor square of rings. Applying the localizing invariant E and using excision and (2) again,
we conclude (3). 
Theorem 2.3 (h-descent for truncating K(1)-local invariants). Let E be a K(1)-local localizing in-
variant on B-linear ∞-categories which is truncating. Then E satisfies h-descent on quasi-compact
and quasi-separated (qcqs) B-schemes.
Proof. By the results of [LT19, App. A], E satisfies cdh-descent, and in particular satisfies excision
for abstract blow-up squares. The results of [CMNN20] imply that E satisfies finite locally free
descent. Since E also satisfies Nisnevich descent (as does any localizing invariant [TT90]), we
obtain that E satisfies fppf descent thanks to [Sta20, Tag 05WN]. By [BS17, Th. 2.9], h-descent
(for any sheaf) is implied by fppf descent and excision for abstract blow-up squares. Combining
these facts, we conclude. 
Example 2.4. Let E be as above. Let π : X ′ → X be a finitely presented proper morphism
(e.g., a finitely presented closed immersion) of qcqs B-schemes such that X ′[1/p] ∼−→ X [1/p]. Then
E(X)
∼
−→ E(X ′). In fact, by cdh descent, we have a pullback square
E(X)

// E(X ′)

E(X ⊗ Fp) // E(X
′ ⊗ Fp)
,
and the terms on the bottom vanish by Proposition 2.2.
In the next result, we use the notion of nilpotence of a group action, cf. [Mat18, Sec. 4.1] or
[CM19, Def. 2.17] for accounts, or [MNN17] for the general setup in equivariant stable homotopy
theory. Let G be a finite group. The collection of nilpotent objects of the ∞-category Fun(BG, Sp)
is the thick subcategory generated by the objects which are induced from the trivial subgroup. For
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an algebra object of Fun(BG, Sp), nilpotence holds if and only if the Tate construction vanishes. A
module over a nilpotent algebra object in Fun(BG, Sp) is itself nilpotent.
Corollary 2.5 (Galois descent in the generic fiber). Let E be a K(1)-local localizing invariant of
B-linear ∞-categories which is truncating. Let R→ S be a finite and finitely presented map of B-
algebras. Let G be a finite group acting on S via R-algebra maps. Suppose that R[1/p]→ S[1/p] is
G-Galois. Then the natural map induces an equivalence E(R)
∼
−→ E(S)hG. Moreover, the G-action
on E(S) is nilpotent.
Proof. Replacing S with S × R/p, we may assume without loss of generality that R → S is an
h-cover. Then, by Theorem 2.3, we have
(3) E(R) ≃ Tot(E(C(R→ S)•)) = Tot(E(S)⇒ E(S ⊗R S)
→
→
→
. . . ).
Since the group G acts on S, we have a natural map of cosimplicial rings from the Čech nerve
C(R→ S)• to the standard resolution S ⇒
∏
G S
→
→
→
for G acting on S (which calculates ShG). This
map of cosimplicial rings is an isogeny in each degree: for example, in degree 1, S ⊗R S →
∏
G S is
an isogeny because it is a map of finitely presented R-modules (cf. [Sta20, Tag 0564]) which induces
an isomorphism after inverting p thanks to the Galois hypothesis. Therefore, by Proposition 2.2,
we find that the map induces an equivalence after applying E, and we find from (3),
E(R)
∼
−→ Tot(E(S)⇒ E(
∏
G
S)
→
→
→
. . . ) = E(S)hG,
which is the desired claim. Finally, to see that the G-action on E(S) is nilpotent, we use that E(S)
is a module G-equivariantly over LK(1)K(S)
∼
−→ LK(1)K(S[1/p]) (via (2)), and the G-action on
LK(1)K(S[1/p]) is nilpotent by [CMNN20, Th. 5.6] (cf. also [CM19, Lem. 4.20]). 
Let R0 be a p-adically complete B-algebra. Given a K(1)-local truncating invariant E, we now
outline a construction of a sheaf on the finite étale site of R0[1/p]. For every finite étale R0[1/p]-
algebra S, we can choose a “ring of integers” S0 which is finite and finitely presented with S0[1/p] = S
and consider E(S0). It is not difficult to see that this only depends on S and that it defines the
desired sheaf; to make the functoriality precise, we use left Kan extension. This construction will
be used in section 6 below.
Construction 2.6 (E as a sheaf on the finite étale site of the generic fiber). Let R0 be a p-adically
complete B-algebra and let R = R0[1/p]. Using the K(1)-local, localizing invariant E which is
assumed to be truncating, we define a sheaf FE of spectra on the finite étale site of Spec(R) as
follows. Let C0 denote the category of finite, finitely presented R0-algebras S0 with S0[1/p] étale
over R, and let C denote the category of finite étale R-algebras. Consider the functor F : C0 → C
given by inverting p. Note that:
(1) F is essentially surjective. That is, given any finite étale R-algebra S, there exists a finite,
finitely presented R0-algebra S0 with S = S0[1/p]. In fact, consider any finite R-subalgebra
S′0 ⊂ S with S
′
0[1/p] = S. The algebra S
′
0 is not necessarily finitely presented, but it is a
directed colimit of finite, finitely presented R0-algebras S
(α)
0 under surjective maps; one of
them will have S(α)0 [1/p] = S, and can be taken for S0.
(2) If S ∈ C, then C0×C C/S is a filtered category. In fact, the subcategory of C0×C C/S spanned
by those S0 such that the structure map S0[1/p] → S is an isomorphism is itself filtered
and cofinal. This follows similarly by comparing S0 with its image in S.
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We consider the functor S0 7→ E(S0) on the category C0 of finite, finitely presented R0-algebras
S0 with S0[1/p] finite étale over R. Then, to define FE on finite étale R-algebras, we left Kan
extend E(−) along the functor C0 → C. Explicitly, it follows from the above (cf. Example 2.4) that
if S is a finite étale R-algebra and S0 is a finite, finitely presented R0-algebra with S0[1/p] ≃ S,
then we have a canonical equivalence FE(S) ≃ E(S0). It also follows from h-descent that FE is
indeed a sheaf of K(1)-local spectra on the finite étale site of Spec(R). Note that it is a sheaf of
modules over the sheaf S 7→ LK(1)K(S), which is also the sheaf FLK(1)K because LK(1)K(−) is
insensitive to inverting p on HZ-algebras (2).
Proposition 2.7 (Hypercompleteness of FE). Notation as above, suppose there is a uniform bound
on the mod p cohomological dimensions of the residue fields of R[1/p] and R[1/p] has finite Krull
dimension. Then FE defines a hypercomplete sheaf on the finite étale site of Spec(R).
Proof. Our hypotheses imply that Spec(R[1/p]) has finite mod p étale cohomological dimension.
By the K(π, 1) property (cf. [Sch13, Th. 4.9] which assumes noetherian hypotheses, but one can
pass to the limit using the Fujiwara–Gabber theorem, cf. e.g. [BM18, Th. 6.11]), it follows that
the étale fundamental group πet1 (Spec(R[1/p])) has finite mod p cohomological dimension, which
implies that the notion of hypercompleteness for sheaves of p-complete spectra on the finite étale
site of Spec(R[1/p]) can be made explicit in terms of exponents of nilpotence [CM19, Sec. 4.1].
Now FE is a module over the hypercomplete sheaf S 7→ LK(1)K(S) (cf. [CM19, Th. 7.14] for
hypercompleteness), hence a hypercomplete sheaf itself, thanks to [CM19, Cor. 4.26]. 
3. The truncating property of LK(1)TR(−)
In this section, we prove the following basic result. Throughout, we fix a connective, K(1)-acyclic
E∞-ring B, e.g., HZ.
Theorem 3.1. The construction LK(1)TR(−) is truncating on connective E1-B-algebras. More
generally, for any set Q,1 the construction LK(1)(
∏
Q TR(−)) is truncating on connective E1-B-
algebras.
The proof of Theorem 3.1 will rely on a K(1)-acyclicity criterion for cyclotomic spectra (Propo-
sition 3.6), which will use some elementary estimates for exponents of nilpotence with respect to
the Bott element β.
In the following, we let ku denote the connective topologicalK-theory spectrum, so π∗(ku) = Z[β]
with |β| = 2. Since B is K(1)-acyclic, the associative ring spectrum B ⊗ ku/p is annihilated by a
power of β. Our strategy is roughly based on bounding the exponents of nilpotence for β in the
fixed points THH(B)Cpn ⊗ ku/p and in particular showing that they are O(pn).
Recall that ku is complex-oriented, leading to the following result.
Proposition 3.2. Let M be a ku-module equipped with an S1-action. Then for each n ≥ 1, the
natural map induces an equivalence
(4) MhS
1
⊗kuBS1 ku
BCpn ∼−→MhCpn .
Proof. Compare [MNN17, Sec. 7.4]. In fact, via the projection formula,MhCpn ≃ (M⊗kukuS
1/Cpn )hS
1
.
Here kuS
1/Cpn denotes the ku-valued function spectrum of S1/Cpn with the corresponding S1-
action, and the tensor product is taken in Fun(BS1,Mod(ku)). Let Vn denote the one-dimensional
1This states informally that ifA is a connective B-algebra, then the fiber of the map TR(A;Fp)→ TR(Hpi0(A); Fp)
has the property that each degree is annihilated by a power of the Bott element (depending on the degree; note that
this condition is slightly stronger than the fiber simply being K(1)-acyclic.
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complex representation of S1 where z ∈ S1 acts by multiplication by zp
n
, and let S(Vn) denote
the unit circle in Vn as an S1-space, so S(Vn) ≃ S1/Cpn . The Spanier–Whitehead dual of the
Euler sequence in Fun(BS1, Sp), S(Vn)+ → S0 → SVn and the complex-orientability of ku together
show that kuS
1/Cpn ∈ Fun(BS1,Mod(ku)) belongs to the thick subcategory generated by the unit.
Therefore, applying the right adjoint (−)hS
1
: Fun(BS1,Mod(ku)) → Mod(kuBS
1
), we find that
the natural map
MhS
1
⊗kuBS1 (ku
S1/Cpn )hS
1
→ (M ⊗ku ku
S1/Cpn )hS
1
=MhCpn
is an equivalence, whence the result. 
By complex orientability, we have
π∗(ku
BS1) = Z[β][[x]], |β| = 2, |x| = −2.
Consider the formal group law over Z[β] given by f(u, v) = u + v + βuv; this is the formal group
law associated to the complex oriented ring spectrum ku, and is homogeneous of degree −2 if
|u|, |v| = −2. We have an equivalence kuhS
1
/x ≃ ku. More generally, let [pn](x) ∈ π∗(kuBS
1
)
denote the p-series of the formal group law f ; modulo p, we have [pn](x) ≡ βp
n−1xp
n
since [pn](x) is
homogeneous of degree −2 and recovers the multiplicative formal group law under the specialization
β 7→ 1. By the Eilenberg–Moore spectral sequence or Gysin sequence (of which (4) is a form), we
have
(5) kuBCpn = kuBS
1
/([pn](x)).
Proposition 3.3. Let A be a connective E∞-ring spectrum with S
1-action. Suppose that βr = 0
in π∗(A⊗ ku/p). Then in π∗((A⊗ ku)
hCpn/p), we have βp
n−1+rpn = 0.
Proof. Let R = A ⊗ ku/p, so R is an associative ku-algebra spectrum with S1-action. Consider
the S1-homotopy fixed points RhS
1
, which is a kuBS
1
-algebra. Since p = 0 in π0R, we have by
Proposition 3.2 and (5),
RhCpn = RhS
1
⊗kuBS1 ku
BCpn = RhS
1
/[pn](x) = RhS
1
/(βp
n−1xp
n
).
Our assumption is that βr = 0 in π∗(R), which means that we can write βr = xv ∈ π∗(RhS
1
) for
some v since R = RhS
1
/x. It follows that in π∗(RhCpn ), we have βp
n−1+rpn = βp
n−1(xv)p
n
= 0. 
Now we apply the above to the E∞-ring THH(B) equipped with its S1-action; recall that B is
assumed connective and K(1)-acyclic.
Proposition 3.4. There exists a constant κ > 0 such that for each i > 0:
(1) We have that βκi = 0 in (ku/p⊗ THH(B))hCi .
(2) Let N be a THH(B) ⊗ ku-module in Fun(BS1, Sp). Suppose that N (as a THH(B) ⊗ ku-
module in Fun(BS1, Sp)) is induced from the cyclic group Ci ⊂ S
1. Then for any t, NhCt/p
is annihilated by βκi.
Proof. To prove (1), using the transfer and restricting to a p-Sylow subgroup, we may reduce to
the case where i is a power of p, say i = pn. Then the claim follows from Proposition 3.3, since β
is nilpotent in ku/p⊗ THH(B) since B is K(1)-acyclic. It follows that we can find a κ1 such that
βκ1i = 0 in (ku/p⊗ THH(B))hCi for all i > 0.
For (2), consider a THH(B)⊗ku-moduleN in Fun(BS1, Sp) which is the induction of a THH(B)⊗
ku-module N ′ in Fun(BCi, Sp). It follows that NhS1/p = (N ′/p)hCi is a module over (ku/p ⊗
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THH(B))hCi , writing homotopy orbits as a module over homotopy fixed points; this is therefore
annihilated by βκ1i by the previous part of the result. For any t, let Wt be the one-dimensional
complex representation of S1 where z acts by multiplication by zt, so the unit circle S(Wt)+ =
(S1/Ct)+ as S1-spaces. We have NhCt = (N ⊗S(Wt)+)hS1 by the projection formula for induction
and restriction along Ct ⊂ S1. Then the Euler sequence S(Wt)+ → S0 → SWt (as in the proof
of Proposition 3.2) and the complex-orientability of ku yields a fiber sequence NhCt → NhS1 →
Σ2NhS1 . Therefore, NhCt/p is annihilated by β
2κ1i; taking κ = 2κ1 we conclude. 
For the next result, we use the notion of a (nonnegatively) graded cyclotomic spectrum, cf. [AMMN20,
Sec. 3 and App. A] or [Bru01]. A graded cyclotomic spectrum consists of a graded spectrum
X =
⊕
i≥0Xi equipped with an S
1-action together with a graded S1-equivariant cyclotomic Frobe-
nius ϕi : Xi → X
tCp
pi for each i. Given a nonnegatively graded E1-ring R, the topological Hochschild
homology THH(R) acquires the structure of a graded cyclotomic spectrum. Given a graded cyclo-
tomic spectrum X , we can consider a graded cyclotomic spectrum X≥i where we only consider the
graded summands in degrees ≥ i; this gives any graded cyclotomic spectrum a natural descending
filtration. The filtration quotients X≥i/X≥pi have trivialized Frobenius because of the grading, and
their TR can be thus described explicitly:
Construction 3.5 (TR of cyclotomic spectra with zero Frobenius). Suppose X ∈ CycSp≥0 with
trivialized Frobenius. Then, as in [AN18, Rem. 2.5] and [NS18, Cor. II.4.7], we obtain a natural
equivalence
(6) TR(X) ≃
∏
i≥0
XhC
pi
.
Proposition 3.6 (K(1)-acyclicity criterion). Let X be a positively graded cyclotomic spectrum with
the structure of THH(B)-module. Suppose for each i > 0:
(1) Xi is (2p+ 1)κi-connected (where κ is as in Proposition 3.4).
(2) As a THH(B)-module in Fun(BS1, Sp), Xi is induced from the cyclic group Ci ⊂ S
1.
Then for any set Q,
∏
QTR(X) is K(1)-acyclic.
Proof. For simplicity of notation, we write TRQ(−) =
∏
QTR(−). The construction TRQ(−) is
exact and commutes with geometric realizations on CycSp≥0; therefore, it commutes with tensoring
with ku. Without loss of generality, we can therefore assume that X is a THH(B)⊗ ku-module in
graded cyclotomic spectra. Here we regard ku as a trivial cyclotomic spectrum, i.e., via the image
of the unique symmetric monoidal functor Sp→ CycSp.
We consider the descending filtration {Fil≥nX = X≥pn}n≥0 on the cyclotomic spectrum X ; note
that the associated graded terms have trivialized Frobenii for degree reasons. This yields a filtration
on the spectrum TRQ(X), with Fil≥nTRQ(X) = TRQ(X≥pn). Since TR(−) preserves connectivity,
our assumptions imply that Fil≥nTRQ(X) is (2p+ 1)κpn-connective.
We have by (6), grnTRQ(X) =
⊕
pn≤i<pn+1
∏
Q
∏
t≥0(Xi)hCpt , since the cyclotomic Frobenius
is trivial on grnX for grading reasons. Since Xi is induced from Ci ⊂ S1, it follows from Proposi-
tion 3.4 that the ku-module grnTRQ(X)/p is annihilated by βκp
n+1
.
Now |β| = 2, and 2
∑n−1
i=0 κp
i+1 < (2p + 1)κpn with the difference tending to ∞ as n → ∞.
Applying Lemma 3.7 below, we conclude that inverting β annihilates TRQ(X)/p, whence TRQ(X)
is K(1)-acyclic as desired. 
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Lemma 3.7. Let R be a connective E1-ring spectrum, and let x ∈ πt(R) be an element. Let{
Fil≥nY
}
n≥0
be a filtered R-module spectrum. Suppose that there exist functions f, g : N→ N such
that:
(1) grn(Y ) is annihilated by xf(n).
(2) Fil≥n(Y ) is g(n)-connective.
(3) g(n)− t
∑n−1
i=0 f(i)→∞ for n→∞.
Then Y [1/x] = 0.
Proof. Let y ∈ πs(Y ). For each n > 0, then the class xf(0)+f(1)+···+f(n−1)y ∈ π∗(Y ) naturally lifts
to πs+t(f(0)+···+f(n−1))(Fil
≥nY ). But for n ≫ 0, the connectivity of Fil≥nY forces this last group
to vanish. Therefore, the image of y in πs(Y [1/x]) vanishes as desired. 
We now use the following basic calculation of THH of a free associative algebra, as a spectrum
equipped with S1-action. Versions of this are classical in ordinary Hochschild homology, cf. [Lod98,
Sec. 3.1]. In the language of factorization homology, this result is a special case of the calculation
of the factorization homology of a free algebra, [AFT17, Prop. 4.13] and [AF15, Prop. 5.5].
Theorem 3.8 (THH of a free associative algebra). Let M be a spectrum, and let T (M) =⊕
n≥0M
⊗n be the free E1-algebra spectrum generated by M . Then there is a natural equivalence
in Fun(BS1, Sp),
(7) THH(T (M)) ≃
⊕
n≥0
IndS
1
Cn(M
⊗n),
where we use the natural Cn-action on M
⊗n by permuting the factors.
Proof. The results of loc. cit. (applied to the framed manifold S1) imply that THH(T (M)) ≃⊕
n≥0(Confn(S
1)+ ⊗M
⊗n)hΣn , for Confn(S
1) the configuration space of n ordered points on the
circle. One checks now (cf. [CJ98, Ex. II.14.4]) that Confn(S1), as a space with S1 × Σn-action, is
homotopy equivalent to (S1 × Σn)/Cn (with Cn embedded diagonally), whence the claim. 
Proposition 3.9. Let M,N be connective spectra. Then the map of cyclotomic spectra
THH(T (M ⊕N))⊗ THH(B)→ THH(M)⊗ THH(B)
induces an equivalence on LK(1)(
∏
QTR(−)) for any set Q if N is ≥ κ(2p+ 1)-connective.
Proof. We can consider the tensor algebra T (M ⊕ N) as a graded E1-ring spectrum where M is
placed in degree zero and N is placed in degree 1. In this case, if we collect the terms in (7),
we find that the ith graded piece of THH(T (M ⊕ N)) is the component which is i-homogeneous.
Explicitly, with 〈n〉 = {1, 2, . . . , n}, we write (M,N)⊗(〈n〉\I,I) for the ordered tensor product of n
factors, where the jth factor is M if j /∈ I and N if j ∈ I. Expanding (7) gives
(8) THH(T (M ⊕N))i =
⊕
n≥0
IndS
1
Cn

 ⊕
I⊂〈n〉,|I|=i
(M,N)⊗(〈n〉\I,I)

 .
Here the Cn-action on the parenthesized term in (8) permutes the various summands. Note in
particular that the stabilizer of I ⊂ 〈n〉 in the nth summand is a subgroup of a cyclic group
Ci ⊂ Cn since |I| = i. In particular, it follows that the ith graded piece of THH(T (M ⊕ N)) is
induced from Ci ⊂ S1. Furthermore, since N is ≥ κ(2p + 1)-connective, it follows that the ith
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graded piece of THH(T (M ⊕ N)) is ≥ κ(2p + 1)i-connective. By Proposition 3.6, it follows that
the positively graded part of THH(T (M ⊕N))⊗THH(B) has vanishing K(1)-local
∏
QTR(−) for
any set Q, whence the result. 
For the next result, if R is an E1-ring spectrum and N an (R,R)-bimodule, we let TR(N) =⊕
n≥0N ⊗R N ⊗R · · · ⊗R N be the free E1-algebra under R generated by N .
Proposition 3.10. Let R be a connective B-algebra. Let N be a ≥ κ(2p + 1)-connective (R,R)-
bimodule. Then the map THH(TR(N)) → THH(R) induces an equivalence on LK(1)(
∏
QTR(−))
for any set Q.
Proof. Simplicially resolving N by free (R,R)-bimodules (since
∏
Q TR(−) commutes with geomet-
ric realizations), we may assume that N is free on generators (possibly infinitely many) in degrees
≥ κ(2p+ 1). Simplicially resolving R by free B-algebras, we may assume that R is free as well, on
some classes in degrees ≥ 0. In this case, the result follows from Proposition 3.9. 
Lemma 3.11. Let E be a localizing invariant of B-linear ∞-categories. Suppose that there exists
k ≥ 0 such that for every connective B-algebra R, we have E(R)
∼
−→ E(τ≤kR). Then E is truncating.
Proof. We show by descending induction2 that for any i ≥ 0 and for any connective B-algebra R,
the map R → τ≤iR induces an equivalence on E; taking i = 0 gives the theorem. For i ≥ k, we
already know the claim by assumption. Suppose we know the claim for i + 1; to prove the claim
for i, we need to see that τ≤i+1R → τ≤iR induces an equivalence on E. Now τ≤i+1R → τ≤iR is a
square-zero extension, i.e., we have a pullback diagram of B-algebras
τ≤i+1R

// H(π0R)

τ≤iR // H(π0R)⊕H(πi+2R)[i+ 2]
.
Since E is a localizing invariant, the main result of Land–Tamme [LT19] yields an B-algebra R˜
with underlying spectrum H(π0R)⊗τ≤i+1R τ≤iR fitting into a commutative diagram of B-algebras
τ≤i+1R

// H(π0R)

τ≤iR // R˜
which is carried to a pullback by E. But the map H(π0R)→ R˜ is an equivalence in degrees ≤ i+1
and therefore induces an equivalence on E by the inductive hypothesis. Therefore, E(τ≤i+1R) →
E(τ≤iR) is an equivalence, whence the inductive step and the result. 
Proof of Theorem 3.1. As before, we write TRQ(−) =
∏
Q TR(−) for a set Q. For any connective
B-algebra R, we claim that R→ τ≤κ(2p+1)R induces an equivalence on LK(1)TRQ(−). Indeed, this
follows from Proposition 3.10 because we can simplicially resolve τ≤κ(2p+1)R using free R-algebras
over free (R,R)-bimodules on classes in degrees ≥ κ(2p + 1) and since TRQ(−) commutes with
geometric realizations. The result now follows from Lemma 3.11. 
2This type of argument is also used in [LMT20
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Corollary 3.12 (Cf. Land–Meier–Tamme [LMT20]). The invariants LK(1)K(−), LK(1)TC(−) are
truncating on connective B-algebras.
Proof. The result for LK(1)TC(−) follows from Theorem 3.1 by taking Frobenius fixed points.
The result for LK(1)K(−) is a formal consequence since the fiber of the trace K(−) → TC(−) is
truncating by the Dundas–Goodwillie–McCarthy theorem [DGM13]. 
Question 3.13. For i ≥ 1, let T (i) denote a height i telescope. In [LMT20], it is shown that T (n)-
local K-theory (and hence T (n)-local TC(−)) is truncating on connective T (1)⊕ · · ·⊕T (n)-acyclic
ring spectra. Is there a TR analog of this result? Note also that the result proved in loc. cit. (in
the height one case) is stronger than Corollary 3.12 since there it is not assumed that one works
over a base B, as we do.
Corollary 3.14 (Land–Meier–Tamme [LMT20], Bhatt–Clausen–Mathew [BCM20]). For any n,
we have LK(1)K(Z/p
n) = 0.
Proof. Take B = HZ in Theorem 3.1, so LK(1)TC(−) is truncating and therefore nilinvariant
on connective HZ-algebras. Then the result follows because the Dundas–Goodwillie–McCarthy
theorem and comparison with Fp yields LK(1)K(Z/pn) = LK(1)TC(Z/pn), but the above shows
that this equals LK(1)TC(Fp) = 0. 
4. Asymptotic K(1)-locality
In this section, we show (Theorem 4.8) that TR is asymptotically K(1)-local for a regular ring
satisfying mild hypotheses, using the Beilinson–Lichtenbaum conjecture. This result is due to
Hesselholt–Madsen in the case of smooth algebras over a DVR with perfect residue field of charac-
teristic > 2, which we begin by reviewing.
Theorem 4.1 (Hesselholt–Madsen [HM03, HM04]). Let K be a complete, discretely valued field of
characteristic zero with ring of integers OK ⊂ K and perfect residue field k of characteristic p > 2.
Let R be a smooth OK-algebra of relative dimension d. Then the map
TR(R;Fp)→ LK(1)TR(R;Fp)
is d-truncated.
Proof. Without loss of generality, we can assume that µp ⊂ K, since otherwise TR(R;Fp) is a
retract of TR(R[ζp];Fp) via the transfer. In this case, the result follows from [HM04, Th. E]. Indeed,
loc. cit. gives a calculation of the cofiber TR(R|RK ;Fp) of the transfer map TR(R ⊗OK k;Fp) →
TR(R;Fp). Since TR(R ⊗OK k;Fp) is K(1)-acyclic and d-truncated in view of the identification
[Hes96] with the de Rham–Witt complex of R⊗OK k, it suffices to verify the (stronger) claim that
TR(R|RK ;Fp)→ LK(1)TR(R|RK ;Fp) is ≤ d−2-truncated. Equivalently (cf. Lemma 5.8 below), it
suffices to show that the cofiber of the Bott element on TR(R|RK ;Fp) is ≤ d+1-truncated. In fact,
this follows from the calculation in loc. cit., once we know that the absolute de Rham–Witt complex
WΩ∗(R,MR) is p-divisible in degrees ≥ d + 2. This in turn follows from the case where R = OK ,
cf. [HM03, Cor. 3.2.7]; the case of polynomial rings via the functor P , cf. [HM04, Lem. 7.1.4] and
its proof; and finally étale base-change [HM04, Lem 7.1.1]. 
Construction 4.2 (TR as p-typical curves). Let R be an animated ring.3 We let
(9) C(R) = lim
←−
n
ΩK(R[x]/xn, (x))
3Also called a simplicial commutative ring; cf. [ČS19] for a discussion of this terminology.
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denote the spectrum of curves on the K-theory of R, defining a functor from animated rings to
spectra. By [Hes96, Th. 3.1.9], if R is a discrete Z/pj-algebra for some j, we have a natural
expression of TR(R;Zp) as a summand of C(R;Zp). Left Kan extending both sides to animated
rings (since both TR(−) and C(−) commute with geometric realizations), we obtain that TR(R;Zp)
is naturally a summand of C(R) for R an animated Z/pj-algebra. Passing to the limit over j
and using the p-adic continuity of K-theory [CMM18, Th. 5.21], we find that for any p-complete
animated ring R, TR(R;Zp) is a summand of C(R;Zp).
Next, we discuss the comparison between the p-adic K-theory of R and R[1/p], cf. [Niz08,
Lem. 3.5] for this argument.
Proposition 4.3. Let R be a regular noetherian ring of finite Krull dimension. Suppose for every
x ∈ Spec(R/p), we have [κ(x) : κ(x)p] ≤ pd. Then the map K(R;Fp) → K(R[1/p];Fp) is d-
truncated.
Proof. The homotopy fiber of the map in question is, by Quillen’s dévissage theorem, the mod p
K-theory of the abelian category of finitely generated R/p-modules, i.e., the mod p G-theory of
R/p, G(R/p;Fp). So it suffices to show that G(R/p;Fp) is concentrated in degrees ≤ d. Using the
filtration by codimension of support and dévissage (cf. [Qui73, Th. 5.4]), we find that G(R/p;Fp)
has a filtration whose associated graded terms are direct sums of the K(κ(x);Fp) for x ∈ Spec(R/p);
it therefore suffices to show that these terms are d-truncated. But now the Geisser–Levine theorem
[GL00] implies that for any field E of characteristic p, there is an embedding K∗(E;Fp) →֒ Ω∗E/Fp .
This implies that K(κ(x);Fp) is dimκ(x)Ω1κ(x)/Fp-truncated. But dimκ(x) Ω
1
κ(x)/Fp
= logp[κ(x) :
κ(x)p] ≤ d by the theory of p-bases [Mat86, Th. 26.5]. Combining these facts, the result follows. 
Proposition 4.4 (Rosenschon–Østvær [RØ06]). Let R be a regular noetherian Z[1/p]-algebra of
finite Krull dimension. Suppose that vcdp(κ(x)) ≤ d for all x ∈ Spec(R[1/p]). Then the map
K(R;Fp)→ LK(1)K(R;Fp) has ≤ d− 3-truncated homotopy fiber.
Proof sketch. Using Nisnevich descent [TT90], we reduce to the case where R is henselian local,
and even a field of characteristic 6= p by Gabber–Suslin rigidity [Gab92]; note that we do not
have to worry about the distinction between connective and nonconnective K-theory by regularity.
Then, the result follows from the Beilinson–Lichtenbaum conjecture (proved by Voevodsky–Rost,
cf. [HW19]) describing the associated graded terms of the motivic filtration on K(R;Fp), see e.g.,
[CM19, Sec. 6.2] for an account. 
Proposition 4.5. Let R be an excellent normal domain which is henselian along an ideal I ⊂ R
containing (p). Suppose that for all p ∈ Spec(R) containing I, we have dimRp+logp[κ(p) : κ(p)
p] ≤
pd. Then for all q ∈ Spec(R[1/p]), the residue field κ(q) has p-cohomological dimension at most
d+ 1.
Proof. By standard continuity arguments, it suffices to show that for any affine open U = Spec(R[1/f ]) ⊂
Spec(R[1/p]) and any constructible p-torsion sheaf F on U , we have Hn(U,F) = 0 for n > d + 1.
Denote by j : U →֒ Spec(R) the open inclusion, and denote by i0 : Spec(R/I) →֒ Spec(R) be the
closed embedding. Using that Spec(R/I) has p-cohomological dimension ≤ 1 and the affine analog
of proper base change [Gab94, Hub93] applied to the henselian ideal I ⊂ R, we see that it suffices
to show that i∗0R
nj∗F = 0 for n > d.
Working stalkwise on R and using the compatibility of étale cohomology with filtered colimits,
we can now reduce to the case where R is an excellent, strictly henselian normal local domain
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with residue field k (and I ⊂ R is contained in the maximal ideal), since excellence and normality
are preserved by strict henselization (cf. [Gre76] for the former). The statement then becomes that
Hn(U,F) = 0 for n > d, which follows from the bound of Gabber–Orgogozo [GO08, Th. 6.1] (noting
that the p-dimension of the residue field k is logp[k : k
p] since k is separably closed). 
Remark 4.6. Suppose that R0 is a ring such that R0/p is finite type over a perfect field k of
characteristic p. Then for every prime ideal p ∈ Spec(R0) containing (p), we have dim(R0)p +
logp[κ(p) : κ(p)
p] ≤ dim(R0). Indeed, we have dim(R0)p + dim(R0/p) ≤ dim(R0). Therefore, it
suffices to prove logp[κ(p) : κ(p)
p] = dim(R0/p). But in this case, both are the transcendence degree
of the field κ(p) over k, cf. [Mat80, Th. 27.B].
Lemma 4.7. Let R0 be an Fp-algebra. Suppose that for all residue fields κ of R0, we have [κ :
κp] ≤ pd for some d ≥ 0. Then for all residue fields κ′ of R0[[x]], we have [κ
′ : κ′p] ≤ pd+1.
Proof. We have that R0[[x]] is generated by p elements over the subring generated by its pth powers
and by R0. For every residue field κ of R0, it follows that R0[[x]]⊗R0 κ is generated by p elements
over the subring generated by pth powers together with κ. In particular, it is generated by pd+1
elements as a module over its pth powers. It follows that the same holds for any residue field of
R0[[x]]⊗R0 κ and, varying κ, we obtain the conclusion for every residue field of R0. 
Theorem 4.8. Let R be an excellent, p-torsionfree regular noetherian ring. Suppose R/p is finitely
generated as a module over its subring of pth powers. Suppose furthermore that for all p ∈ Spec(R)
containing (p), we have dimRp+logp[κ(p) : κ(p)
p] ≤ d for some d ≥ 0. Then the map TR(R;Fp)→
LK(1)TR(R;Fp) is (d− 1)-truncated.
Proof. Without loss of generality, we can assume that R is p-henselian (since henselization pre-
serves excellence, cf. [Gre76]), so dimR ≤ d. By Construction 4.2, it suffices to show that
C(R)/p → LK(1)C(R)/p is (d − 1)-truncated. Now C(R) is the desuspension of the fiber of the
map lim
←−n
K(R[x]/xn)→ K(R). With p-adic coefficients, the fact that R/p is finitely generated as
a module over its pth powers allows us to pass to the limit [CMM18, Th. F] and we obtain
C(R;Fp) = ΩK(R[[x]], (x);Fp).
SinceK(R) is a retract ofK(R[[x]]), it suffices to show that the fiber ofK(R[[x]];Fp)→ LK(1)K(R[[x]];Fp)
is d-truncated. We will verify this by comparing both sides with the intermediate termK(R[[x]][1/p];Fp).
First, for every characteristic p residue field κ of R, corresponding to a prime ideal p ⊂ R
containing (p), we have [κ : κp] ≤ pd−1 by our assumption, since dimRp ≥ 1. Now R[[x]] is also
a p-torsionfree regular ring of dimension dim(R) + 1. For every characteristic p residue field κ′ of
R[[x]], we have [κ′ : κ′p] ≤ pd by Lemma 4.7. By Proposition 4.3, it follows that K(R[[x]];Fp) →
K(R[[x]][1/p];Fp) is d-truncated.
Second, we apply Proposition 4.5 to the ring R[[x]] and the ideal I = (p, x). The power series
ring R[[x]] remains excellent (and regular) since R is excellent, thanks to [KS16]. For any prime
ideal p ∈ Spec(R[[x]]) containing I, we let p0 = p ∩ R ⊂ R, so that R[[x]]p/(x) = Rp0 . Then
dim(R[[x]]p) = dim(Rp0) + 1 and κ(p) = κ(p0). Thus, Proposition 4.5 applies to R[[x]] (with d
replaced by d+1) and we find that the characteristic zero residue fields ofR[[x]] have p-cohomological
dimension at most d+ 2. Therefore, by Proposition 4.4, K(R[[x]][1/p];Fp)→ LK(1)K(R[[x]][1/p])
is (d− 1)-truncated.
Combining the above, we find that the composite map K(R[[x]];Fp) → LK(1)K(R[[x]];Fp) ≃
LK(1)K(R[[x]][1/p];Fp) (the last identification by (2)) is d-truncated, whence the result. 
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This recovers in particular Theorem 4.1. More generally, we have:
Example 4.9. Let R be a d-dimensional regular, excellent p-torsionfree noetherian ring with R/p
finitely generated over its pth powers. Suppose that (R/p)red is finite type over a perfect field (and
necessarily of dimension d − 1). Then Theorem 4.8 (in view of Remark 4.6) applies to show that
TR(R;Fp)→ LK(1)TR(R;Fp) is (d− 1)-truncated.
5. The Segal conjecture
In this section, we discuss the relationship between the following two properties of a cyclotomic
spectrum X :
(1) TR(X) agrees with its K(1)-localization in high enough degrees.
(2) The cyclotomic Frobenius ϕX : X → XtCp is an equivalence in high enough degrees.
The first property is the Lichtenbaum–Quillen style statement discussed in the previous section,
and verified for THH(R) under regularity and finiteness hypotheses. The second property is often
referred to as the “Segal conjecture” since forX = THH(S), the Frobenius S→ StCp is an equivalence
by the Segal conjecture for Cp, proved in [Lin80, Gun80]. The Segal conjecture has been studied
extensively for THH(R) for R a ring (or ring spectrum).
We first show the implication (1) =⇒ (2). We use the theory of topological Cartier modules of
Antieau–Nikolaus [AN18], which we begin by briefly reviewing.
Definition 5.1. A topological Cartier module M is an object of Fun(BS1, Sp) together with maps
V : MhCp → M and F : M →M
hCp in Fun(BS1, Sp) together with a homotopy between the com-
posite and the norm map MhCp → M
hCp (considered S1 ≃ S1/Cp-equivariantly). The collection
of topological Cartier modules is naturally organized into a presentable stable ∞-category.
Given a bounded-below, p-typical cyclotomic spectrum X , we can consider TR(X) as a topolog-
ical Cartier module, and we have an identification X ≃ cofib(V ). Under these identifications, the
cyclotomic Frobenius X → XtCp is obtained from F : TR(X) → TR(X)hCp by taking cofibers by
V on both domain and codomain and identifying TR(X)tCp ≃ XtCp as (TR(X)hCp)
tCp = 0 [NS18,
Lem. I.2.1]. On bounded-below objects, this construction establishes a fully faithful embedding
from cyclotomic spectra into topological Cartier modules, with image given by the V -complete
objects [AN18, Th. 3.21].
Proposition 5.2. Let X be a connective, p-complete cyclotomic spectrum whose underlying spec-
trum is K(1)-acyclic. Suppose the map TR(X)→ LK(1)TR(X) is d-truncated. Then the Frobenius
ϕ : X → XtCp is d-truncated.
In the case LK(1)TR(X) = 0, the result is [AN18, Prop. 2.25].
Proof. Since X is K(1)-acyclic, it follows that V : TR(X)hCp → TR(X) is K(1)-locally an equiv-
alence. TheK(1)-localization LK(1)TR(X) acquires the structure of a topological Cartier module as
well byK(1)-localizing F, V and using the comparison map LK(1)(TR(X)hCp)→ (LK(1)TR(X))hCp .
The composite map (LK(1)TR(X))hCp → (LK(1)TR(X))
hCp is an equivalence after p-completion
since Tate constructions vanish in the K(1)-local category. Since we saw that V is an equiva-
lence on LK(1)TR(X) after p-completion, it follows that the Frobenius on LK(1)TR(X) induces an
equivalence
LK(1)TR(X)
∼
−→ (LK(1)TR(X))
hCp .
ON K(1)-LOCAL TR 15
For a topological Cartier module Y , we consider the fiber of F = FY : Y → Y hCp , which
we denote fib(F ). As we saw above, fib(F ) is contractible for the topological Cartier module
LK(1)TR(X). Moreover, fib(F ) is d-truncated for the topological Cartier module fib(TR(X) →
LK(1)TR(X)) because this topological Cartier module is itself d-truncated. In particular, we find
that fib(F : TR(X) → TR(X)hCp) is d-truncated. Taking the cofiber on both the domain and
codomain of the Verschiebung, we find that fib(F : TR(X) → TR(X)hCp) = fib(ϕ : X → XtCp)
which is therefore d-truncated as desired. 
Combining Theorem 4.1, Proposition 5.2, and Theorem 4.8, we obtain the following result.
Versions of the Segal conjecture have been studied by many authors. For instance, it is known that
THH(Zp;Fp)→ THH(Zp;Fp)
tCp is an equivalence on connective covers [BM94, Lem. 6.5]. Compare
[HM03] for the more general case of a DVR OK of mixed characteristic and perfect residue field
of characteristic p > 2. The Segal conjecture for smooth algebras in characteristic p appears as
[Hes18, Prop. 6.6] and (at the filtered level) [BMS19, Cor. 8.18]. The Segal conjecture has also been
verified for certain ring spectra as well, cf. [AR02, LNR11, AKQ17].
Corollary 5.3 (The Segal conjecture for regular rings). Let R be a p-torsionfree excellent reg-
ular noetherian ring with R/p finitely generated over its pth powers. Suppose that for all p ∈
Spec(R) containing (p), we have dimRp + logp[κ(p) : κ(p)
p] ≤ d. Then the map THH(R;Fp) →
THH(R;Fp)
tCp is (d− 1)-truncated. 
Question 5.4. Is it possible to prove a filtered version of this result, with respect to the motivic
filtrations [BMS19] on both sides?
We next discuss the converse direction. Here we only prove the result under a more restrictive
hypothesis, namely for cyclotomic spectra which are ku-modules.
Example 5.5. Let C = Q̂p. If R is a OC -algebra, then the cyclotomic trace makes THH(R;Zp) into
a ku-module in view of the equivalence kupˆ ≃ K(OC ;Zp), cf. [Niz98, Lem. 3.1], [Sus83], and [Hes06].
One can improve this slightly: K(Ẑp[ζp∞ ];Zp) has the structure of an E∞-algebra under ku, so the
same applies to any Ẑp[ζp∞ ]-algebra R. This follows from three facts. First, K(Ẑp[ζp∞ ];Zp) ≃
K(Q̂p(ζp∞);Zp), cf. [HN19, Lem. 1.3.7] for this argument (which only uses that the field ̂Qp(ζp∞)
is perfectoid). Second, since ̂Qp(ζp∞) is perfectoid, it has p-cohomological dimension ≤ 1 by the
tilting equivalence, whence K( ̂Qp(ζp∞);Zp) → LK(1)K(Q̂p(ζp∞);Zp) is the connective cover map,
cf. Proposition 4.4. Third, LK(1)K(Z[ζp∞ ]) has the structure of an E∞-algebra under KU and
hence ku, cf. [BCM20, Construction 3.7].
Lemma 5.6. Let M ∈ Fun(BS1,Mod(HFp)) be an r-connected object. Suppose that there exists a
map f : M → M ′ in Fun(BS1,Mod(HFp)) such that M
′ is induced (as an object with S1-action)
and such that f is an equivalence on τ≥r. Then there exists a map M˜ →M of r-connected objects
in Fun(BS1,Mod(HFp)) which induces an equivalence on τ≥r+1 and such that M˜ is induced.
Proof. The homotopy groups π∗(M), π∗(M ′) form graded modules over the ring π∗(Fp[S1]) =
Fp[ǫ]/ǫ
2, |ǫ| = 1. By assumption, π∗(M ′) is a free graded Fp[ǫ]/ǫ2-module and π∗(M) is the
submodule of those elements in degree ≥ r. Choosing an Fp-subspace V of πr(M) = πr(M ′) which
is complementary to ǫπr−1(M ′) ⊂ πr(M ′), we can modify M to form M˜ with πr(M˜) = V ; it is now
easy to see that π∗(M˜) is a free graded Fp[ǫ]/ǫ2-module, so we can conclude. 
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Proposition 5.7. Let X be a connective, p-complete ku-module in CycSp. Suppose that ϕ : X →
XtCp is d-truncated. Then the fiber of TR(X)/p→ LK(1)TR(X)/p is d+ 3-truncated.
Proof. It follows that the cyclotomic spectrum Y = X/(p, β) = X ⊗ku HFp ∈ CycSp≥0 has the
property that ϕ : Y → Y tCp is d + 4-truncated. It follows that the comparison map Y Cp → Y hCp
is d+ 4-truncated as well, via the fiber square
Y Cp

// Y hCp

Y
ϕ
// Y tCp
.
Now for each n ≥ 1, we have a pullback diagram [NS18, Lem. II.4.5],
(10) Y Cpn
R

// Y hCpn

Y Cpn−1 // Y tCpn
.
The bottom horizontal map is Y Cpn−1 → Y hCpn−1
ϕ
hC
pn−1
−−−−−−→ (Y tCp)hCpn−1 , and the last term is
identified with Y tCpn using the Tate orbit lemma, cf. [NS18, Lem. II.4.1].
Now Y Cp → Y hCp is an equivalence in degrees≥ d+6, hence Y Cpn−1 → Y hCpn−1 is an equivalence
in degrees ≥ d+6 by [NS18, Cor. II.4.9] (a generalization of results of Tsalidis [Tsa98] and Bökstedt–
Bruner–Lunøe-Nielsen–Rognes [BBLNR14]). Since ϕ : Y → Y tCp is an equivalence in degrees
≥ d + 6, it follows that the bottom horizontal map in (10) is an equivalence in degrees ≥ d + 6.
Note also that Y tCp is a module over FtCpp in Fun(BS1,Mod(HFp)); since the latter has induced
S1-action, it follows that the former does too.
By Lemma 5.6, we can find a ≥ d + 6-connected Y ′ with an S1-equivariant map Y ′ → Y
which induces an equivalence in degrees ≥ d + 7 and such that Y ′ is induced as an object of
Fun(BS1,Mod(HFp)). It follows that the map Y ′hCpn → Y hCpn is an equivalence in degrees
≥ d+ 7. But the commutative square
Y ′hCpn

// Y hCpn

Y ′tCpn = 0 // Y tCpn
now shows that any α ∈ πr(Y hCpn ) for r ≥ d + 7 has vanishing image in πr(Y tCpn ). Using the
commutative square (10) again (since the horizontal maps are equivalences in degrees ≥ d + 6),
it follows that the restriction map Y Cpn → Y Cpn−1 induces the zero map in degrees ≥ d + 7.
Consequently, taking the inverse limit over R, we find that TR(Y ) ∈ Sp≤d+6, whence the fiber of
TR(X)/p→ LK(1)TR(X)/p belongs to Sp≤d+3 by Lemma 5.8. 
Lemma 5.8. Let M be a connective, p-complete ku-module spectrum. Then the following are
equivalent:
(1) M/(p, β) is concentrated in degrees ≤ d+ 3.
(2) The fiber of M/p→ LK(1)M/p is concentrated in degrees ≤ d.
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Proof. Suppose (1). Let N = M/p. It suffices to show that the fiber of N → LK(1)N = N [1/β] is
concentrated in degrees ≤ d. Let F = fib(N → N [1/β]). If πi(F ) 6= 0, then the long exact sequence
shows either that there exists a β-power torsion element in πi(N) or πi+1(N) → πi+1(N [1/β]) is
not surjective. In the former case, we obtain a nonzero element in πi+3+2j(N/β) for some j ≥ 0,
which by our assumptions forces i ≤ d. In the latter case, there exists x ∈ πi+1+2j(N) for some
j > 0 which cannot be divided by β, whence we obtain a nontrivial class in πi+1+2j(N/β), again
forcing i ≤ d. This proves that F is d-truncated, as desired. The fact that (2) implies (1) follows
because LK(1)M/p is acted upon invertibly by β. 
Remark 5.9. Let X = THH(Fp); in this case, we have that THH(Fp) → THH(Fp)tCp is (−3)-
truncated. This computation is due to Hesselholt–Madsen [HM97, Sec. 5], and is refined in [NS18,
App. IV-4]. Meanwhile TR(Fp) = HZp → LK(1)TR(Fp) = 0 is 0-truncated modulo p. Thus, the
bound of Proposition 5.7 is the best possible.
Proposition 5.10. Let R be a perfectoid ring which is p-torsionfree. Then TR(R;Fp)→ LK(1)TR(R;Fp)
is (−1)-truncated.
Proof. Let Xi, i ∈ C be a diagram of spectra. Suppose that for each i ∈ C, the map Xi →
LK(1)Xi is d-truncated for some d. Then the map lim←−iXi → LK(1)(lim←−iXi) is d-truncated,
and LK(1)(lim←−iXi) → lim←−i LK(1)Xi is an equivalence. This follows because LK(1)(−) annihilates
bounded-above spectra.
Applying the above observation, and using flat descent of TR(−;Zp) (which follows from [BMS19,
Sec. 3]), we reduce to the case where R is a Ẑp[ζp∞ ]-algebra (e.g., using André’s lemma, cf. [BS19,
Th. 7.12]), so THH(R;Zp) is a kupˆ-module in CycSp≥0 (Example 5.5). By [BMS19, Prop. 6.2],
THH(R;Fp) → THH(R;Fp)
tCp exhibits the source as the connective cover of the target, and the
fiber is concentrated in degrees ≤ −3. The result follows by applying Proposition 5.7 to the cyclo-
tomic spectrum THH(R;Fp), which gives that TR(R;Fp)/p → LK(1)TR(R;Fp)/p is 0-truncated,
whence the result follows by universal coefficients. 
Corollary 5.11. Let C be a complete, algebraically closed nonarchimedean field of mixed charac-
teristic (0, p), and let OC ⊂ C be the ring of integers. Let R be a formally smooth OC-algebra of
relative dimension d. Then the map TR(R;Fp)→ LK(1)TR(R;Fp) is (d− 1)-truncated.
Proof. We claim that the map THH(R;Fp) → THH(R;Fp)tCp is ≤ d − 3-truncated. Indeed, this
truncatedness holds on associated graded terms via [BMS19, Cor. 9.12]. The result now follows
from Proposition 5.7 applied to THH(R;Fp). 
6. Pro-Galois descent
In this section, we prove a type of pro-Galois descent for TR in the generic fiber, which is related
to the conjecture in [Hes02]. The basic example is when K is a characteristic zero local field, and
one tries to relate TR(OK ;Zp) (computed by [HM03]) with the “continuous” homotopy fixed points
for the Galois group Gal(K/K) on TR(OK ;Zp), before or after K(1)-localization. The advantage
is that the latter is much more tractable, cf. [Hes06] for the calculation of TR(OK ;Zp). For finite
Galois extensions in the generic fiber, these claims follow from section 2. However, there are some
additional subtleties to extend to pro-Galois descent because TR fails to commute with filtered
colimits.
Here again we will use the “decompletion” of the theory of cyclotomic spectra given by the topo-
logical Cartier modules of Antieau–Nikolaus [AN18] and an amplitude property of the completion.
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We recall that TR(−) gives a fully faithful right adjoint embedding from bounded-below cyclo-
tomic spectra into bounded-below topological Cartier modules, with image the V -complete objects,
cf. [AN18, Th. 3.21].
Proposition 6.1. Let M be a topological Cartier module which is d-truncated and bounded below.
Then the V -completion of M is d + 3-truncated. If M is p-complete, then the V -completion of M
is d+ 2-truncated.
Proof. We reduce by dévissage to the case where M is concentrated in degree zero, and and d = 0.
The completion of M is given by cofib(lim
←−
MhCpn → M) where the maps MhCpn → MhCpn−1 are
given by VhC
pn−1
, cf. [AN18, Prop. 3.22].
Now sinceM is discrete, the Verschiebung is simply given by a map V : M →M of abelian groups,
and the S1-action is trivial. We can (as in the proof of [AN18, Lem. 3.25]) form a Z≥0×Z≥0-indexed
diagram Yi,j =M ⊗BCpj+ such that the transition maps in the i-direction are given by V and in
the j-direction are given by the canonical projections. By the above, the completion of M is given
by the cofiber of the map lim
←−i,j
Yi,j →M .
Now a simple computation shows that for any abelian groupA, lim
←−j
HA⊗BCpj+ are concentrated
in degrees ≤ 2, and degrees ≤ 1 if A is derived p-complete. This claim will imply the result. Indeed,
for the first part, it suffices to show that lim
←−j
HA⊗BCpj+ is concentrated in degrees ≤ 1 when A is
torsion-free; this follows because the pro abelian group {H∗(BCpj ;Z)}j≥0 is pro-zero for ∗ ≥ 2. For
the second part, we also observe that the pro-abelian group
{
H1(BCpj ;Z)
}
j≥0
is simply the tower
· · · → Z/p2 → Z/p→ 0, and our assumption that A is derived p-complete gives A ≃ lim
←−
A⊗L
Z
Z/pj
is in particular discrete. 
Remark 6.2. We can give another proof of Proposition 6.1 using the results from the previous
section in the case where M is annihilated by a power of p. By dévissage, we can reduce to the
case where M is an HFp-module (in topological Cartier modules). Let X = M/MhCp = cofib(V )
be the associated cyclotomic spectrum, so TR(X) is the derived V -completion of M by the cor-
respondence between bounded-below V -complete Cartier modules and bounded-below cyclotomic
spectra, cf. [AN18, Th. 3.21]. Then the proof of Proposition 5.2 shows that the cyclotomic Frobe-
nius ϕ : X → XtCp is d-truncated, since fib(ϕ) = fib(F : M → MhCp). Using Proposition 5.7, we
find that TR(X)/p is d+ 3-truncated, whence TR(X) is d+ 2-truncated.
Corollary 6.3. Let Ri, i ∈ I be a filtered system of rings and let R = lim−→
Ri. Suppose that the map
TR(Ri;Fp)→ LK(1)TR(Ri;Fp) is d-truncated for all i ∈ I. Then TR(R;Fp)→ LK(1)TR(R;Fp) is
d+ 2-truncated.
Proof. Let v : Σu(S0/p)→ (S0/p) be a v1-self map (so we can take u = 2p− 2 for p odd and u = 8
for p = 2). Let X be any spectrum. Then we observe that the following are equivalent:
(1) The map X/p→ LK(1)X/p is d-truncated.
(2) The spectrum X ⊗ S0/(p, v) is d+ u+ 1-truncated.
The equivalence is proved analogously to Lemma 5.8, noting that LK(1)(X/p) = X ⊗ (S0/p)[v−1]
by the telescope conjecture at height one [Mah81, Mil81].
Therefore, it suffices to show that TR(R;Zp) ⊗ S0/(p, v) is d + u + 3-truncated. To this end,
let M = lim
−→
TR(Ri;Zp), so M is a connective topological Cartier module which is not necessarily
derived V -complete; the V -completion of its p-completion is TR(R;Zp) since THH(−) commutes
with filtered colimits (as a functor from rings to CycSp≥0). Now the topological Cartier module
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M ⊗ S0/(p, v) is d + u + 1-truncated as a filtered colimit of d + u + 1-truncated objects. Taking
the V -completion and using Proposition 6.1, we find that TR(R;Zp)/(p, v) is d+ u+ 3-truncated.
Therefore, TR(R;Fp)→ LK(1)TR(R;Fp) is d+ 2-truncated. 
Theorem 6.4 (Pro-Galois descent in the generic fiber). Fix d ≥ 0. Let R be a p-complete ring
such that TR(R;Fp)→ LK(1)TR(R;Fp) is d-truncated. Let S be an R-algebra.
Let G be a profinite group of finite p-cohomological dimension which acts continuously on the
R-algebra S (given the discrete topology). Suppose that:
(1) R[1/p]→ S[1/p] is a G-Galois extension.
(2) There is a cofinal collection of open normal subgroups Ni ⊂ G, i ∈ I such that Si := S
Ni
is a finite, finitely presented R-algebra and such that TR(Si;Fp) → LK(1)TR(Si;Fp) is
d-truncated.
(3) R[1/p] has finite Krull dimension and there is a uniform bound on the mod p cohomological
dimensions of the residue fields.
Then the map
LK(1)TR(R)→ (LK(1)TR(S))
hGcts := Tot(LK(1)TR(S)⇒ LK(1)TR(Functs(G,S))
→
→
→
. . . ).
is an equivalence and the map
TR(R;Fp)→ Tot(TR(S;Fp)⇒ TR(Functs(G,S);Fp)
→
→
→
. . . )
is d+ 2-truncated.
Proof. Let F be any product-preserving presheaf from finite continuous G-sets to p-torsion spectra.
We let Fdisc denote the left Kan extension to profinite G-sets, so if S is a profinite G-set which can
be written S ≃ lim
←−
Sj for some finite continuous G-sets Sj , then Fdisc(S) ≃ lim−→F(Sj). We let
RΓ(∗,F) = Tot(Fdisc(G)⇒ Fdisc(G×G)
→
→
→
. . . ).
As in [CM19, Sec. 4.1], RΓ(∗,F) is the value of the hypersheafification or Postnikov sheafification
of F (with respect to the topology on finite continuous G-sets where covering families are jointly
surjective ones) at ∗. When we work with p-torsion spectra, our assumption that G has finite
cohomological dimension implies that RΓ(∗,−) commutes with all colimits.
Now we take F to be the presheaf which sends a finite continuous G-set T to TR(FunG(T, S);Fp),
where FunG(T, S) is the ring of G-equivariant functions T → S. Unwinding the definitions and
hypotheses, we find from Corollary 2.5 that if T = G/Nj for one of the distinguished normal
subgroups Nj , we have that
LK(1)F(∗)
∼
−→ Tot(LK(1)F(T )⇒ LK(1)F(T × T )
→
→
→
. . . )
is an equivalence. Passing to the limit, by hypercompleteness (Proposition 2.7),4 we find
(11) LK(1)F(∗) ≃ RΓ(∗, LK(1)F).
Note here that Fdisc is not given by TR(−;Fp) because TR does not commute with filtered colimits;
instead, for instance, Fdisc(G) = lim
−→i∈I
TR(Si;Fp). By our assumptions, Fdisc(∗),Fdisc(G), . . .
4Explicitly, we recall the argument for the convenience of the reader. Our assumptions imply that LK(1)K(−)
defines a hypercomplete sheaf on the étale site of R[1/p], cf. [CM19, Th. 7.14]. Consequently, there is a constant C
such that for each i ∈ I, the G/Ni-action on LK(1)K(Si) = LK(1)K(Si[1/p]) is C-nilpotent, cf. [CM19, Th. 4.37].
This implies that the G/Ni-action is C-nilpotent (for all i), and enables one to deduce the hypercompleteness,
cf. [CM19, Th. 4.24].
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are spectra with the property that the map to their K(1)-localization is d-truncated; therefore,
RΓ(∗,F)→ RΓ(∗, LK(1)F) is d-truncated.
Combining these observations with (11) and applying 2-out-of-3 to the sequence of maps F(∗)→
RΓ(∗,F)→ RΓ(∗, LK(1)F), we find that F(∗)→ RΓ(∗,F) is d-truncated. In other words,
(12) F(∗)→ Tot(Fdisc(G)⇒ Fdisc(G×G)
→
→
→
. . . ),
is d-truncated. Here both sides of (12) have the structure of topological Cartier modules since the
forgetful functor from topological Cartier modules to spectra commutes with limits and colimits
[AN18, Prop. 3.11].
Now we take the V -completion of both sides in (12) (considered as topological Cartier modules).
Recall that for a topological Cartier module M , the V -completion is lim
←−n
cofib(V n : MhCpn →M).
The left-hand-side of (12) is already V -complete. To analyze the right-hand-side, observe that
the totalization in (12) commutes with (−)hC
pn−1
because RΓ(∗,−) commutes with colimits. The
limit over n in computing the V -completion clearly commutes with the totalization. Thus, the
V -completion of the right-hand-side of (12) is given by
Tot
(
TR(S;Fp)⇒ TR(Functs(G,S);Fp)
→
→
→
. . .
)
.
Note finally that the right-hand-side of (12) is bounded-below by the finiteness of the p-cohomological
dimension. Taking the V -completion in (12), we find from Proposition 6.1 that
TR(R;Fp)→ Tot
(
TR(S;Fp)⇒ TR(Functs(G,S);Fp)
→
→
→
. . .
)
is d+ 2-truncated, whence the last claim of the theorem. Finally, TR(S;Fp),TR(Functs(G,S);Fp)
map via d + 2-truncated maps to their K(1)-localizations, via Corollary 6.3, so the K(1)-local
descent statement follows. 
Example 6.5 (Discrete valuation rings). Let K be a complete, discretely valued field of charac-
teristic zero whose residue field k is of characteristic p with [k : kp] ≤ pd. It follows that if k′/k is
any finite extension, then [k′ : k′p] ≤ pd, cf. [GO08, Lem. 2.1.1].
By the main result of [GO08] (which is due to [Kat82] in this case), it follows that the Galois group
Gal(K/K) has p-cohomological dimension ≤ d+ 2. Moreover, by Theorem 4.8, it follows that if L
is any finite extension of K and OL ⊂ L the ring of integers, then TR(OL;Fp)→ LK(1)TR(OL;Fp)
is d-truncated.
We can now apply Theorem 6.4 to conclude that
TR(OK ;Fp)→ TR(OK ;Fp)
hGalctsK := Tot(TR(OK ;Fp)⇒ TR(OK⊗KK ;Fp)
→
→
→
. . . )
is d-truncated. Note that the theorem gives a priori that the map is d + 2-truncated, but we can
upgrade the conclusion to d-truncated as follows: the analogous comparison map with LK(1)TR(−)
everywhere is an equivalence; the maps TR(OK⊗K ···⊗KK ;Fp) → TR(OK⊗K ···⊗KK ;Fp) are (−1)-
truncated by Proposition 5.10 since these are p-torsionfree perfectoid rings; and the map TR(OK ;Fp)→
LK(1)TR(OK ;Fp) is d-truncated (Theorem 4.8).
Suppose in particular that k is perfect and of characteristic > 2.5 In this case, the results of
[HM03] (recalled in the proof of Theorem 4.1) show that TR(OK |K;Fp) is the connective cover of
its K(1)-localization, which is LK(1)TR(OK ;Fp). Again, OK ,OK⊗KK , . . . are perfectoid rings, so
5We expect that this works when k has characteristic 2 as well.
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for them TR(−;Fp) agrees with the connective cover of its K(1)-localization (Proposition 5.10). It
follows that TR(OK |K;Fp) ≃ τ≥0TR(OK ;Fp)
hGalctsK .
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